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BIAO WANG 

Abstract. In this paper, we prove that if a quasi-Fuchsian 3-manifold contains a minimal 
surface whose principle curvature is less than 1, then it admits a foliation such that each 
leaf is a surface of constant mean curvature. The key method that we use here is volume 
preserving mean curvature flow. 



1. Introduction 

A codimension one foliation JF of a Riemanian manifold is called a CMC foliation, if 
each leaf of the foliation is a hypersurface of constant mean curvature. A quasi-Fuchsian 
group r is a Kleinian group which is obtained by a quasiconformal deformation a Fuchsian 
group, its limit set is a closed Jordan curve dividing the domain of discontinuity on 
into two simply connected, invariant component. Topologically, (H^ U ^7)/r = S* x [0, 1], 
where S* is a closed surface with 7ri(S) = T. In this paper, we always assume that S* is a 
closed Riemann surface with genus ^ 2. 

Suppose M is a 3-dimensional quasi-Fuchsian hyperbolic manifold, Mazzeo and Pacard 
proved that each end of M admits a unique CMC foliation (cf. [IMP07II ). Next we may 
ask if the whole quasi-Fuchsian manifold M admits a CMC foliation? If M admits a CMC 
foliation JF, then the foliation JF must contain a leaf L whose mean curvature is zero, i.e. 
L is a minimal surface in M. Therefore we need to know whether M contains a minimal 
surface at first. There are several ways to prove that M contains a least area minimial 
surface S with 7ri(M) = 7ri(S) (cf. IIAnd83llMSY82l[SY79llUhl83]l ). 

In this paper, we will prove the following theorem. 

Theorem 1.1. Suppose that M is a quasi-Fuchsian 3-manifold, which contains a closed 
immersed minimal surface S with genus ^ 2 such that 7ri(M) = 7ri(S), if the principle 
curvature A o/S satisfies \ \{x) \ < Ifor all a; G E, then M admits a unique CMC foliation. 

We will use the volume preserving mean curvature flow developed by G. Huisken (cf. 
[|Hui84[ iHuiSVID to prove Theorem 1 1.1 1 in ^ This idea is inspired by Ecker and Huisken's 
paper [IEH91L Furthermore, we will show that M doesn't admit a CMC foliation if the prin- 
ciple curvature of S is very large in ^ where the idea of using infinite minimal catenoids 
as barrier surfaces contributes to Bill Thurston. 



Date: September 24, 2008. 

2000 Mathematics Subject Classification. Primary 53C44, Secondary 57M05. 
Research is partially supported by the National Science Foundation grant DMS-05 13436. 

1 



2 



BIAO WANG 



This paper is organized as follows. In ^|2l we give some definitions and basic properties 
about quasi-Fuchsian groups and submanifolds. In ^ we discuss the volume preserving 
mean curvature flow and prove the existence of the long time solution. In ^|4l we will prove 
Theorem ll.il In ^|5l we will give a counterexample. 

Acknowledgements. This paper is supervised under Bill Thurston. I am grateful to him 
for his guidance and a lot of helpful and stimulating conversations. I also appreciate John 
Hubbard and Xiaodong Cao, who give me many suggestions. 

2. Preliminaries 

In this section, we review some basic facts on quasi-Fuchsian 3-manifolds and geometry 
of submanifolds. 

2.1. Quasifuchsian groups. A subgroup T of Isom(EI^) is called a Kleinian groups if F 
acts on H'^ properly discontinuously. For any Kleinian group F, Vp G H'^, the orbit set 

r(p) = {i{p) 1 7 e F} 

has accumulation points on 5*^ = 9H^, these points are called the limit points of F, and 
the closed set of all these points is called the limit set of F, which is denoted by Ar. The 
complement of the limit set, i.e., 

is called the region of discontinuity. If Vl^ = %,V is called a Kleinian group of the first 
kind, and otherwise of the second kind. 

Suppose F is a finitely generated torsion free Kleinian group which has more than two 
limit points, we call F quasi-Fuchsian if its limit set Ap is a closed Jordan curve and both 
components Vti and VL2 of its region of discontinuity are invariant under F. The limit set Ap 
of the quasi-Fuchsian group F is either a (standard) circle or a closed Jordan curve which 
fails to have a tangent on an everywhere dense set (cf. IILeh87[ Theorem 4.2]. When Ap is 
a circle, we call F a Fuchsian group. Of course, Ar is invariant under F too. The following 
statement about quasi-Fuchsian groups can be found in [|CEG06[ page 8]. 

Proposition 2.1 (Maskit llMas70L Thurston HThuBOII ). IfT is a finitely generated, torsion- 
free Kleinian group, then the following conditions are equivalent: 

(i) F is quasi-Fuchsian. 

(ii) VLy has exactly two components, each of which is invariant under F. 

(iii) There exist a Fuchsian group G and a quasiconformal homeomorphism w : C ^ 
C such that T = w o G o w'^. 

For a finitely generated, torsion free quasi-Fuchsian group F with invariant components 
rii, of Vlr, Albert Marden (cf. [|Mar74ll ) proved that F has the following properties: 
• Each of 5*1 = /F and 5*2 = f22/F is a finitely punctured Riemann surface. 
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• Mr = MVr is diffeomorphic to (f^i/r) x (0, 1), and Mr = (H^ U nr)/T is 
diffeomorphic to (^^l/^) x [0, 1]. 

We will call Mr a quasi-Fuchsian 3-manifold. In this paper we write Mr = 5* x M, where 
S is a closed surface with genus ^ 2. 

2.2. Geomerty of submanifolds. In this subsection, we rephrase some materials from 
IIUhl83ll for convenience. Let (M, ga/3) be a quasi-Fuchsian 3-manifold, and let S be a 
immersed minimal surface in M. Suppose the coordinate system on S = S x {0} is 
isothermal so that the induced metric g = (gij) 2x2 on S can be written in the form 

g{x,0) = {g,,ix,0)}^^,,^2 = e'^^^^I 

where I is a 2 x 2 unit matrix, and let 

A{x) = A{x,0) = {hij{x, 0)} 

be the second fundamental form of S. 

In a collar neighborhood of S in M, there exists normal coordinates induced by exp : 
T-'-E — > M in a neighborhood on which 

S X {-e,e) C T^S ^ M 

is a (local) diffeomorphism. If coordinates x^) are introduced on S, then 

induces a coordinate patch in M. Choose p = (x^, x^, x^) = (x, r) the local coordinate 
system in a neighborhood of S so that S = {(x,r) G M \ r = 0}. Let Nq be the unit 
normal vector field on S, and let 

(1) S(r) = {exp^rA^o I a; G S} 

for a small positive constant r. For (x, r) G S x (— e, £:) c T-'-S, it's well known that the 
puUback metric has the form 



(2) 9{x,r)=(^^Y^ 0l=l^2i(x,r) g22{x,r) 



9u{x,r) gi2{x,r) 0^ 
'x,r) g22{x,r) 
1. 



where g{x, r) is the induced metric on S(r). 

The second fundamental form A = (hij) of S(r) is a 2 x 2 matrix defined by 

(3) hij = (Ve^es , Cj) , 1 ^ i, j ^ 2 , 

where V is the covariant differentiation in M, and {ei, 62, 63} is the local frame for M 
such that 63 is the unit normal vector of S(r) and ei, 62 are two unit vectors in the tangent 
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plane of S(r). Direct computation shows that the second fundamental forms A{x, r) = 
{hij{x, r)} on S(r) are given by 

1 d 

(4) hij{x,r) = - — gij{x,r) , l^i,j^2. 

Note that the sectional curvature of M is —1, there are three curvature equations of the 
form 

(5) Ri3j3 = -ihsdij - 9i3g3j) = -9ij , 1 ^ ^, j ^ 2 , 
where the Riemann curvature tensor is given by 

R{X, Y)Z = -Vx^yZ + WyVxZ + W[x,y]Z 
for X, F, Z G X(M) . Direct computation shows that the curvature forms are given by 

2 or^ 4 or or 
From dll) and we get partial differential equations 

2 dr'^ 4 ^ dr dr ^ 
whose solutions can be written in the form 

(8) g{x,r) =e2''(^)[coshrI + sinhre-2^(^)A(x)]2 

for all X = (x, 0) G S and — e < r < e. This metric is nonsingular in a collar neighborhood 
of S in any case. If the principle curvature of S C M 

\{x) = ^- det [A(x)e-2^W] < 1 , 
then it is non-singular for all r G R. 

Proposition 2.2. The mean curvature ofTj{r) is given by 

TT/ ^ 2(1 - A2(x))tanhr 

(9) H{x,r) = ^ \'' , VxgS, 

1 — y[x) tann r 

here the normal vector on S(r) points to the minimal surface S. 

Proof. In order to compute the mean curvature H, we need to find the eigenvalues of the 
second fundamental form A{x, r). In other words, we need solve the equation 

det [hij - figij] = , 

which is equivalent to the equation 

det [(sinhrl + coshre"^''^^M(x)) - /i(coshrI + sinhre"^''^''^A(x))] = . 

Solve the above equation, we get two eigenvalues: 

tanhr — A(x) tanhr + Afx) 

Hi = T-i-^ ] — and (X2 ^ 



1 — A(x)tanhr 1 + A(x)tanhr 
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Since H = fii + the proposition follows. 
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□ 



It's easy to check that H{x, r) defined in (|9l) is a monotonically increasing function with 
respect to r, i.e. H(x, ri) ^ H(x, if ri ^ r2. In fact, we have 



As r — > ±00, H ±2, and as r ^ 0, if 0. 

Theorem 2.3 (Uhlenbeck HUhlSSH ). If M is a complete, hyperbolic manifold and S is a 
minimal surface in M with \\{x) \ < Ifor all s G S, then 

(i) expT-'-S = M — > M, where M is the cover of M corresponding to 7ri(S) C 

(ii) M is quasi-Fuchsian. 

(iii) Tj (Z M is area minimizing; H G M is the only closed minimal surface of any type 
in M.^ 

(iv) T, C M is embedded. 

(v) S C M is totally geodesic if and only if M is Fuchsian. 

Corollary 2.4. Suppose S is an immersed minimal surface in a quasi-Fuchsian 3-manifold 
M which is homotopic to S, if the principle curvature ofE is between —1 and 1, then 

• S is the unique minimal surface which is embedded in M, 

• the metric cjajj on M = J] x W is given by Q and ([8]), and 

• M can be foliated by either the geodesies perpendicular to the minimal surface S 
or the equidistant surfaces {S(r)}_oo<r<oo defined by ([U). 

3. Volume preserving mean curvature flow 

In this section, we will discuss the volume preserving mean curvature flow developed by 
G. Huisken and others. A good reference for mean curvature flow is the book written by 
Xi-Ping Zhu (cf. IIZhu02ll ). 

By the discussion in ^ (M, ga/3) can be foliated either by the geodesies which are 
perpendicular to the minimal surface S or by the surfaces S(r) for all r G R, where S(r) 
is defined by O. Denote by the unit tangent vector field on the geodesies, which is a 
well defined vector field on M. 

For any tensor field $ on (M, (jap) we define the supremum norms by 



dr 



H{x, r) 



2(1 - A^(x))[l + A^(x)tanh^ r] 
[1 — A^(x) tanh^ r]^ cosh^ r 



^0 



Vx G S . 



k 



$11 = sup 



and 




j=0 
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3.1. Evolution equations. Let S he a smooth surface which is diffeomorphic to the min- 
imal surface S C M, and let Fq : S* — > M be the immersion of S in M such that 
Fq{S) = S(r) for some positive constant r. Next we consider a family of smoothly im- 
mersed surfaces in M, 

F : S X [0,T) ^ M , O^T^oo 
with 0) = F^. For each t e [0, T), write 

St = St{r) = {F{x, t)eM\xeS} . 

We need define some quantities and operators on St: 

• the induced metric of St is denoted hy g = {gij}, 

• the second fundamental form of St is denoted hy A = {hij}, 

• the mean curvature of St with respect to the normal pointing to the minimal surface 
S is given by if = g'^^hij, 

• the square norm of the second fundamental form of St is given by 

\A\^ = g'^g^^h.khji , 

• the covariant derivative of St is denoted by V, 

• the Laplacian on St is given by A = g'^^V.jV j. 

Each quantity or operator with respect to (M, gap) will be added a bar on its top. The 
curvature operator Rm on (M, gap) is given by 

(10) Rap-i& = -{ga^gps - gasgp-r) , i ^ a, /3, 7, 5 ^ 3 . 

We consider the volume preserving mean curvature flow (cf. IIHui87ll ): 

^^^^ I ^ Fix, t) = [h{t) - H{x, t)]z/(x, t), xeS,0^t<T, 

[Fi.,0)=FS, 

where 

"w=£^*=Ars(s;)/,.** 

is the average mean curvature of St, and u is the normal on St so that —u points to the 
minimal surface S. It's easy to verify that the volume of the domain bounded by S and St 
is independent of time. In ||Hui86llHui87i . Huisken proved the following theorem. 

Theorem 3.1 (Huisken). If the initial surface Sq is smooth, then (fTTI) has a smooth solution 
on some maximal open time interval < T, where < T ^ 00. If T < 00, then 

(12) |A|max(t) = max 00 , ast^T. 

In this section, we will prove the following theorem. 
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Theorem 3.2. For any fixed r > 0, the evolution equation (fTTI) has a unique long time 
solution {i.e.T = oo). As t ^ oo, the surfaces {St} converge exponentially fast to a 
smooth surface Soo of constant mean curvature. 

For this aim, we assume T < oo at the very beginning, if we can prove that there exist 
constants {C(m)}m,=o,i,2,.-- independent of time such that the estimates 

(13) |V™Ap^C(m), m = 0,l,2,..., 

are uniformly on 5*+ for ^ t < T, then we can derive that the limit surface St = lim St is 

a smooth surface, so we can extend T a little bit further by Theorem B.li this is contradicted 
to the hypothesis that T is maximal. 

To obtain in the next step a priori estimate for | Ap, we need evolution equations for the 
metric and the second fundamental form on St. 

Lemma 3.3 (Huisken-Yau [IHY96I ). We have the following evolution equations: 

d 

(i) -Ql9ij = 2(/i - H)hij, 
d 

(ii) — h^j = ViVjH +{h- H)hiig''^hkj + ih- H)g,j, 

(iii) |.^V/f, 

d 

(iv) ^ = H{h — H)fi, where /i is the measure on St. 

Since (M, gap) is a 3-manifold with constant sectional curvature, we have VmRijki = 0, 
Ric(z/, u) = —2, and 

hijhjiRimlm — hijhimRlimj = " (^1 — = — 2|y4p . 

Together with Simons' identity (cf. IIHY96[ Lemma 1.3(i)]), we obtain the following addi- 
tional evolution equations. 

Lemma 3.4 (Huisken-Yau [IHY96II ). Under the evolution equation ([TT]) . the second fun- 
damental form satisfies the evolution equations 

(i) ^ = Ahij + {h- 2H)hug"'hkj + i\A\^ + 2)hi, + {h- 2H)gij, 

(ii) ^^H = AH+{H-h){\A\'-2), 
d 

(iii) — \A\^ = A|Ap - 2|VA|2 + 2|A|^ - 2htT A^ + 4\A\^ + 2H{h - 2H), where 
tiA^ = j{3\A\^-H^). 

3.2. Existence of the long time solution. Define a function £ : M ^ Mhy 

i{p) = dist(]9, S) = min{dist(p, p') | G S} 
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for allp G M, where dist(-, ■) is the distance function on (M, (jafs)- By Corollary |2.4[ every 
point p E M has the form p = {p',r) for some point G S, where r = i{p). Let 

M = £|5t and & = {N\St,iy) 

be the height function and the gradient function of St respectively. Obviously St is a graph 
over the minimal surface S if > on St- The evolution equations of u and 9 can be 
derived as follows (cf. [EMU), 

and 

(15) ^ = {N,VH) + {h- H) (V.iV , u) . 

Lemma 3.5 (Ecker-Huisken IIEH91II ). The height function u on St also satisfies 

d — 

(16) — u = An - div(V£) + hQ , 

where div is the divergence on St and V is the gradient on M. 
Proof. Since u = £\St, we have Vu = (V£)" = V£ — Qu, then we obtain 
Am = div Vu = div(W) - (div z/)0 = div(W) - HQ . 
Plugin the above identity to (fT4l) . we get (fT6l ). □ 

Lemma 3.6 (Bartnik [|Bar84ll ). The gradient function 6 on St satisfies 

(17) AG = -{\A\^ + RiH(z/, z/))e + (A^ , VH) - N{Hn) , 

where N{Hn) is the variation of mean curvature of St under the deformation vector field 
N, which satisfies 

^^g^ N{Hn) =^{V^CN9)iei,ei) - iy eiCNg){y,ei) - ^ ff£jv^(z/, z/) 

- ^Ng{ei,ej) ■ A{ei,ej) , 
here C denotes the Lie derivative. 

By (fT5l) and (fTTl) . we have the following evolution for the gradient function. 

Corollary 3.7 (Ecker-Huisken [IEH91II ). 6 satisfies the following evolution equation 

f)P) 

(19) — = AQ + {\A\^ + mc{i^,iy))Q + N{HN) + {h-H){V,N,iy) , 
ot 

where A is the Laplacian on St. 

Next we will prove that {5't}o^t<T are contained in a bounded domain of M for all 
T > 0, i.e the height function is uniformly bounded. This result is very important for us to 
prove Theorem l3.2[ At first, wee need the well known maximum principle. 
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Lemma 3.8 (Maximum Principle). Let Si and S2 be two hypersurfaces in a Riemannian 
manifold, and intersect at a common point tangentially. If S2 lies in positive side of Si 
around the common point, then Hi < H2, where Hi is the mean curvature of Sj at the 
common point for i = 1,2. 

Proposition 3.9. Soppose the volume preserving mean curvature flow (fTTI) has a family of 
solutions on [0, T), < T ^ 00, then u is uniformly bounded on S x [0, T), i.e., 

< Ci ^ u{x, t) ^ C2 < cx) , \/{x,t) eS X [0, T) , 

where Ci and C2 are two constants depending only on the initial data S'o(r) = S(r). 

Proof. At each time t e [0, T), let x{t) e S be the point such that 

^imax(i) = maXM(x,t) = u{x{t),t) , 
xeS 

and let y(t) E S be the point such that 

MminW = iamu{y,t) = u{y{t),t) . 

yes 

Since 6 = (A^ , z/) = 1 at F{x{t),t), we have 

0^^ = h-H. 
dt 



By the maximum principle, we have 

h{t) ^ H{x{t),t) ^ 



2tanh(Mmax(t))(l - A+) 
1 - tanh^(Mmax(t))A+ 



where A+ = max \^{p'). Simlarly, at the point F(y(t),t), we have 
p'es 



1 — tanh (Mmin(t))A_ 
where A_ = min X^ip'). Thererfore, we have the inequality 

2tanh(M^i„(t))(l - A_) ^ ^^^^ ^ 2 tanh(Mi^ax(t))(l - A+; 
1 — tanh^(-Ujnin(^))A_ 1 — tanh^(-Umax(^))A+ 

As t ^ T, we have fives cases: 

(i) Mmin(t) and Minax(t) 0; 

(ii) Mmin(i) ^ + oo and u^^^{t) ^+00; 

(iii) Mmin(t) ^ and Umi,x{t) ^ + 00; 

(iv) Mniin('^) is Uniformly bounded, while Mmax(^) — ^ +00; 

(v) Mmin(i^) — ^ 0, while Mmax(^) is Uniformly bounded. 
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Case (i) and (ii) could not happen, since the mean curvature flow is volume preserving. 
Case (iii) could not happen, otherwise we would get ^ 2, a contradiction. Similarly, 
Case (iv) and (v) could not happen. 

So the mean curvature flow is uniformly bounded by two surfaces S(ri) and S(r2) with 
< ri ^ r2 < +00 on the time interval [0, T). □ 

The proof in Proposition [3]9] actually contains the following statement. 

Corollary 3.10. The average mean curvature h is uniformly bounded on [0, T), i.e. 

^^2tanh(..)(l-A,) 2tanh(n)(l-A-)^^ 

1 - tanh^(r2)A+ 1 - tanh^(ri)A_ 

Lemma 3.11. The mean curvature flow ([TT]) with initial data So{r) = S(r) preserves the 
positivity of mean curvature of St. 

Proof. Let 

E{t) = {x e S \ H{x,t) <0} and Et = F{-,t){S) , 



then we have 

dt 



Et\ = - I H{H -h)dfx<0 , VtG[0,T) 



where \Et\ denotes the area of Et with respect to the induced metric g{t) on St, so \Et \ is 
decreasing. Since Eq = 0, we know that i^^i = on [0, T). So the mean curvature of St is 
positive on [0,T). □ 

Next we will prove that the gradient function is uniformly bounded from below and 
I V0| is uniformly bounded from above on St for t G [0, T). 

Proposition 3.12. Soppose the volume preserving mean curvature flow (ITTI) has a solution 
on [0, T), < T ^ oo, then there exists constants < ©o < 1 and < C3 < oo depending 
only on 5*0 (r) such that 

e ^ 60 and |Vep ^ C3 

on St for <T. 

Proof. Since O(-,0) = 1, we may assume that 6 > for a short time. For any point 

p G 5*4, we may write 

P = ip',u) = {pi,p2,u) , 

where p' = {pi,P2) € S and u is the height function on 5*^. Consider the Gaussian coor- 
dinates in f/ X M C M, where U C S is a neighborhood of p'. The unit normal v to St is 
given by (cf. llHui86[ Lemma 3.2]) 

du du 



1 + |Vn|2 V dpi ' dp ' 



1 



FOLIATIONS FOR QUASI-FUCHSIAN 3-MANIFOLDS 1 1 

and then the gradient function 6 is given by 

(20) e={N,u) = — \ 

where N = (0, 0, 1). We can see that | V?i| = oo if and only if 6 = 0. 
Next, we consider the quasi-linear parabolic equation 

- = A„-div(w) + he 

u{0) = r . 

By our hypothesis, (|2TI) has a solution for t E [0,T). By Proposition 13.91 u is uniformly 
bounded for t G [0, T). By the standard regularity theory of parabolic equation (cf. [! Lie96ll 
or [|LSU67[ Chapter 6]), there exist constants Ki < oo depending only on / and the initial 
surface 5*0 (r) such that 

\Vu\ ^ Ki, 1 = 1,2,... , 

fort G [0,r). 

Using (l20l) . these estimates imply that 9 is uniformly bounded from below and | V6p is 
uniformly from above for t G [0, T). □ 

Proposition 3.13. Soppose the volume preserving mean curvature flow (fTTI) has a family 
of solutions on [0, T), < T ^ oo, then there exists a constant Cq < oo depending only 
on 5*0 (r) such that 

^ Co < oo 

on St for ^ t < T. 

UP 

Proof. We will show that \A\'^ is uniformly bounded by contradiction. Let = q2+^' 
where cr > is a small constant. The evolution equation of fa is given by 

(l + a)(2 + a)|Ap 
+ - (j\A\^{\A\^ - 2) - 2htrA^ + 8\A\^ + 2H{h - 2H) 

Recall that the restriction to TSt of any tensor field $ of order m on M can be estimated 

by 
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where = \^{x)\g^^ (cf. IIEH91II ). By using (fT8l) we estimate the expression N(Hm) 

in the evolution equation (flTI) by 

(22) \N{Hn)\^C^{Q^ + Q^\A\). 

Here C3 depends on H^Aff^H 1 where CnQ is the Lie derivative of the metric with respect to 
N whose C^-norm can be controlled in terms of || A^||2 (cf. nEck03l ). Besides we also have 
the following estimate 

(23) \{V,N,u)\^C,Q\ 

where C5 = || VA^|| . Since {St}o^t<T are contained in a bounded domain whose boundary 
is S(ri) U S(r2), the constants C4 and C5 only depend on S'o(r). 
Now assume |A|max(^) — > cxd as t ^ T. Let 

(24) /^ax(t) = max/,, VtG[0,T). 

St 

Obviously /max(i) ^ l^lmax(^)' /max(^) — oo as t — i> oo. Thcrc exists To G (0, T) such 
that when t > To we have the estimate 

I /„.ax < - /Ix + (4v^ + (2 + + v^C5))eJ+'^/V^e 

2a + 8 + (2 + a)(C4 + 2C5) + + ^)^3 ^ ^^^^ 

< _ ^0 f2 

^ 2 ^BuX ■ 

This is a contradiction since dfma.x/dt ^ 0. Therefore /^r must be uniformly bounded, 
which implies that | must be uniformly bounded. □ 

Proposition 3.14 (Huisken [|Hui87[ §4]). For every natural number m, we have the fol- 
lowing evolution equation: 

-^|V'"A|2 =A|V'"AP-2|V'"+^AP+ V VM * A * V'^A * V^A 
dt ' ^ 

i+j+k=m 

+ hY^ VM*V-'A*V™v4. 

i+j=m 

Furthermore, there exists constant {C(m)}m=i 2,... depending only on m and S'o(r) such 
that 

(26) IV^^I^ ^ C{m) , m = 1,2,... , 

are uniformly on St for < T. 

By the above discussion, the constants in Proposition 13 .91 and Proposition 13 . 1 2j - [3 . 1 41 are 
independent of time. Now we can prove part one of Theorem l3.2[ 
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Proof of Theorem IXH (1) (cf. IIHui84llHui87l ) Assume that T < oo. Let 



(27) 



^7 



lim St 



lim F(x, t) 



X E S 



We claim that St is a smooth surface which is homeomorphic to S. 

In fact, by Proposition I3.9[ the height function u is uniformly bounded on St for t G 
[0, T). So ([27]) is well defined. Since |y4p is uniformly bounded for t G [0, T), we have 



T 

max 





d_ 

di 



9ij 



rft ^ C < oo 



1,2,..., 



so St is a well defined surface by Lemma 14.2 in [|Ham82ll . Since | V^Ap, m 
are uniformly bounded for t E [0,T), St is, smooth. 

Now we consider a new volume preserving mean curvature flow 

dF 

with initial data St- This flow has a short time solution for t E [T, Ti), where Ti > T, the 
detail can be found in [|CK04[ §6.7]. This contradicts to the assumption that T is maximal. 
Therefore the maximal time T of the volume preserving mean curvature flow ([TT]) must be 
infinite. □ 



3.3. Exponential convergence to CMC surfaces. We have proved that the volume pre- 
serving mean curvature flow ([TT]) has a long time solution. Let 

(28) Sooir) = lim St 

be the limiting surface. Obviously Soo{r) has the following properties: 

(i) It is well defined since {5'f}o^t<oo are contained in a bounded domain of M. 

(ii) It's also a smooth surface since | V^Ap, m = 0, 1, 2, . . ., are uniformly bounded 
fort G [0, oo). 

(iii) It's a graph over S since 9 is uniformly bounded from below for t E [0, oo). 

In this subsection, we will show that the solution surface St converges exponentially fast 
to Sooir) (cf. IICRM071 IHui87l IHY96II ). although we don't need this fact to prove the 
existence of the CMC foliation of M. 

Proposition 3.15. Suppose {St,g(t)) is a solution to the mean curvature flow (fTTI) for 
t E [0, oo), then 

(29) lim sup \H -h\=0. 
Therefore Soo{r) is a surface of constant mean curvature. 



14 BIAO WANG 

Proof. Since 

^\St\ = - I {H-hydfi<0, 
dt Jst 

where | denotes the area of St with respect to the metric g{t), then we have 

/ I {H-hfdndt ^ |5o| . 
Jo J St 

On the other hand, by Lemma [33] and Lemma [34l we have 

^ / {H-hfdii = 2 [ {H - h)^{H - h)di2 ~ [ HiH-hfdfi 
dt J St J St dt Js^ 

= 2 [ {H - h)[AH + {H - h){\A\^ - 2)]dfi 

J St 

- [ H{H-hfdfx 

J St 

\VH\^dn + 2 [ (H -hy{\A\^ -2)dfx 



St 



I H{H-hfd^i 

J St 



here we use the identity jg^{H — h)djj = 0. By Proposition 13.141 and the inequalities 
\VH\ ^ \/2 \ VA\, there is a constant Ce < oo depending only on So{r) such that 

(30) 4 / - hfdfi ^ Ce 

dt J St 

is uniformly for t E [0, oo). So we have 

(31) lim / {H -hfd^ = . 

Then for any p > 2, by the interpolation arguments (cf. [|CRM07[ §5] for detail), the 
inequality |V^i/| ^ v^|V^v4| and Proposition l3T4l we have 

sup \H-h\^ CWV^HWl^^WH - hfj" 

St 

1/{2P) 



^0 (as t oo) . 

where || • II2 = || ■ ||L2(5t)- So the proposition follows. □ 

We say that a surface S with constant mean curvature is (strictly) stable if volume pre- 
serving variations of S in M incease the area, or equivalently if the second variation oper- 
ator on S, 

L(f) = -A0 - + m^{iy, z/))0 
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has only strictly positive eigenvalues when restricted to functions with / (pdfi = 0. 

Js 

Lemma 3.16. For each r G M, the limit surface Soo{r) to the volume preserving mean 
curvature flow (fTTl) is strictly stable surface of constant mean curvature. 

Proof. Suppose 5" is a volume preserving variation of S'oo(r), such that S' is a graph over 
S and Area(5") < Area(S'oo Consider the volume preserving mean curvature flow 
(fTTl) with initial surface S' . By the above discussion, there is a long time solution to this 
volume preserving mean curvature flow. Let S'^ be the limiting surface, then it is a graph 
over S whose mean curvature is a constant and Area(S'^) < Area(S'oo(r)). 

We claim that this is impossible. In fact, according to Theorem ll.il {5'oo(?")}rgM foliate 
M, so there are two surfaces S'oo(ri) and Soo{r2), where ri < r2, which touch S' from the 
below and from the above for the first time respectively. By maximum principle, we have 

But this is impossible since H{Sooiri)) < H{Sooir2)) when ri < r2 (see the proof of 
Theorem 1 1.1 1 in So the stability of limiting surfaces follows. □ 

Proof of Theorem |32l (2) Since Soo(r ) is stable, the lowest eigenvalue Aoo of the Jacobi 
operator Loo on S'oo(r) is positve, where 

here Aoo is the Laplacian on Sooir) and Aoo is the second fundamental form of 5'oo(r). Let 

At be the lowest eigenvalue of the Jacobi operator L on St. Then ^ Aoo as t ^ oo. For 

2 

any < e < - Aoo, there exists T > such that for any t > T v/e have 
3 

\^oo — K\ < £ and sup\H{H — h)\ ^ e . 

St 

Therefore, when t > T we have 

^ [ {H-h)^dfi^ -{2Xoo-3e) [ {H-hfd^i, 
dt J St J St 



which implies 



[ {H- hfdfi <:( [ {H- hfdfi] e-(2^--=^")* . 

Jst \Jst J 



By the same interpolation arguments as above, we know that sup \H — h\ converges expo- 
nentially to zero. Since 

OF 
'dt 

we obtain that St converges exponentially to the limiting surface which has constant mean 
curvature. So Part two of Theorem 13. 21 is proved. □ 



\h~H\ 
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4. Existence of CMC foliation 

We need a lemma of Mazzeo and Pacard which will be useful for proving the uniqueness 
of the CMC foliation of M. 

Lemma 4.1 (Mazzeo-Pacard IIMP07II ). Suppose that T is a monotonically increasing 
CMC foliation in (M, (ja/s), then T is unique amongst all CMC foliations whose leaves are 
diffeomorphic to S. 

Proof of Theorem ll.il (1) At first, we can foliate the quasi-Fuchsian 3-manifold M by 
the surfaces S(r), r G R. All of these surfaces, except S = S(0) (the minimal surface), 
are not surfaces of constant mean curvature. But for each r > 0, we consider the mean 
curvature flow (fTTI) with initial condition = S(r). By Theorem 13 .21 we have a solution 
of (fTTI) . which is a smooth surface of (positive) constant mean curvature, and we denote 
it by Sooir). For these surfaces S(r) with r < 0, we have the surfaces with (negative) 
constant mean curvature. We need three steps to prove that the limiting surfaces Sooir), 
r G M, form a CMC foliation of M. 

Step 1: The limiting surfaces are embedded. This is obviously since each surface Soo{r) 
is a graph over the minimal surface S. 

Step 2: The limiting surfaces are disjoint. Assume that < ri < r2, we will show 
that Sooir i) n 5*00(^2) = 0. Consider two volume preserving mean curvature flows (fTT|) 
with initial data S(ri) and S(r2) respectively. Let ui and U2 be the height functions of the 
surfaces St{ri) and St{r2) respectively, then we have Ui{x,0) < U2{x,0) for all x E S. 
Now we assume that two surfaces St{ri) and St{r2) touch for the first time at Tq G (0, 00) 
and pq G M. Recall that the height functions satisfy the evolution equation (fT6l) . Let 
w = U2 — Ui, then w ^ 0, and around pq we have 

dw 

0> Lw = Aw+ {■ , Vw) - — , 

here we use the fact that hi(t) < h2{t) since H{St{ri)) < H(St{r2)) pointwise, where 
hi{t) and h2{t) are the average mean curvature of St{ri) and St{r2) respectively. By the 
strong maximum principle (cf. llFri64llPW67ll ), this is impossible unless w = 0. But w = 
implies ui = U2, which is also impossible since the flows preserve volume. This means 
that St{ri) and St{r2) are disjoint all the time, so Soo{ri) and Sooir 2) are disjoint. 
Step 3: We claim 

M= [jSoo{r). 

In fact, according to the proof of Proposition 13. 121 for each r 7^ 0, S fl S'oo(r) = 0. Let 
Q{r) be the domain bounded by S and S'oo(^'). Since {S(r)}rg]R foliate M and each Soo{r) 
is the limiting surface of the volume preserving mean curvature flow with initial data S(r), 
the volume of Q{r) is a continuous function with respect to r. Together with the facts that 
the limiting surfaces are embedded and disjoint. Step 3 is proved. 
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Therefore these surfaces form a CMC foliation of M. 

(2) We claim that the foliation JF = {S'oo(r)}reK is monotonically increasing: if ri < r2, 
then H(Soo{ri)) < H(Sooir2)). In fact, since H satisfies the (strictly) parabolic equation: 

^ = AH + iH-h){\A\'-2), 

and iJ(S(ri)) < H{T,{r2)) pointwise, then by the comparison principle for quasilinear 
parabolic equations (cf. l|Lie96 , Theorem 9.7]), we have H(St{ri)) < H(St{r2)) pointwise 
fort G [0,oo). In particular, H{Soo{ri)) < H{Soo{r2))- 

Since this foliation is monotonically increasing, we get the uniqueness of the CMC foli- 
ation by Lemma |4~T1 □ 

Remark. In nTod99l , M. Toda proved so called volume constraint Plateau problem in hy- 
perbolic 3-manifolds satisfying some conditions. Our quasi-Fuchisan manifolds satisfy the 
conditions required in his paper, so for each r G M, we can find an area minimizing surface 
S{r) such that the volume of the domain bounded by S and S{r) is equal to the volume of 
the domain bounded by S and S(r). Each S{r) is a surface of constant mean curvature. If 
one can show that S{ri) fl S(^r2) = for ri ^ r2 and M = US',., then {^r-jr-eK form a CMC 
foliation of M. 

5. A COUNTEREXAMPLE 

In this section, we will show that Theorem 11.11 is not true for the quasi-Fuchsian 3- 
manifolds containing minimal surfaces with big principle curvature. 

5.1. Existence of the surfaces with CMC. We need some results of J. Gomes and R. 
Lopez (cf. [|Gom87[ |L6p00[). Let be a three-dimensional hyperbolic space of constant 



sectional curvature —1. We will work in the Poicare model of M.^, i.e., 

= {{x, y, z) eM.^ \x'^ + + < 1} 

equipped with metric 



:i - r 



2^2 



where r = a/x^ + + z"^. The hyperbolic space has a natural compactification H'^ = 
U S*^, where S*^ = C is the Riemann sphere. Suppose X is a subset of H'^, we call the 
set dooX defined by 

d^x = xnsl, 

the asymptotic boundary of X, where X is the closure of X in H'^. 

Suppose G is a subgroup Isom(E[^) which leaves a geodesic 7 C pointwise fixed. 
We call G the spherical group of H'^ and 7 the rotation axis of G. A surface in H'^ invariant 
by G is called a spherical surface. For two circles Ci and G2 in H'^, if there is a geodesic 
7 such that each of Ci and C2 is invariant by the group of rotations that fixes 7 pointwise, 
then Ci and C2 are said to be coaxial, and 7 is called the rotation axis of Ci and C2. 
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Let Pi and P2 be two disjoint geodesic plane in H^. Then Pi U P2 divides in three 
components. Let Xi and X2 be the two of them with dXi = Pi for i = 1,2. Given two 
subsets Ai and A2 of H^, we say Pi and P2 separate Ai and A2 if one of the following 
cases occurs (cf. ]L6p00[ |): 

(i) if Ai, C H^, then Ai C Xi for z = 1, 2; 

(ii) if Ai C EI^ and A2 C 5^, then Ai C Xi and ^2 C 8^X2, 

(iii) if Ai, A2 C S*^, then Ai C (9ooXj for 2 = 1,2. 
Then we may define the distance between Ai and A2 by 

(32) rf(Ai, A2) = sup{dist(Pi, P2) I Pi and P2 separate Ai and A2} , 

where dist(Pi, P2) is the hyperbolic distance between Pi and P2. 

Lemma 5.1 (Gomes llGom87ll ). There exists a finite constant rfo > such that for two 
disjoint circles Ci,C2 C S^, if d{Ci,C2) ^ dQ, then there exists a minimal surface U 
which is a surface of revolution and whose asymptotic boundary is Ci U C2. 

Let Ci and C2 be two disjoint circles on S"^, and let Pi and P2 be two geodesic planes 
whose asymptotic boundaries are Ci and C2 respectively. Suppose C[ C Pi and C'2 C P2 
so that C[ and C'2 are two coaxial circles with respect to the rotation axis of Ci and C2. 



Lemma 5.2 (Lopez [ [L6p00 |). Given H E (—1, 1), there exists a constant du depending 
only on H such that if d{Ci,C2) ^ dn, then there exists a surface U contained in the 
domain bounded by Pi and P2 such that 

• His a surface of revolution whose boundary is C[ U C'2, and 

• Tl is a surface whose mean curvature is equal to H with respect to the normal 
pointing to the domain containing the rotation axis ofCi and C2. 

Remark. In Lemma [5^ when H < 0, then there is no such a surface 11 if we replace C'i 
by Ci for i = 1, 2 (cf. llPal99ll ). 

5.2. Detail description of the counterexample. Now we choose four circles {Ci}i=i ...,4 
on 5*^ such that d{Ci, C2) and d{C3, C4) are sufficiently small, where d{-, ■) is the distance 
defined by (|32l) . Let Di be the geodesic plane in such that dooDi = Ci for z = 1, . . . , 4. 
By some Mobius transformation, we may assume that the middle point of the geodesic 
segment which is perpendicular to both Di and D2 passes through the origin. 

For any circle C C 5^, we may define the distance between the origin O (or any fixed 
point) and the circle C to be the hyperbolic distance between O and the geodesic plane 
whose asymptotic boundary is C. Because of this definition, we may say that the radius of 
the circle C is big or small if the distance between O and C is small or big. 

Let A be a closed smooth curve on 5^, then cover A by finite disks {Bi C 5'^}i=i,...,Ar 
with small radii such that 

• each circle dBi is invariant under the rotation along the geodesic connecting the 
origin O and the center of the disk Bi, which locates at A, 
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• the radii of disks are small enough so that -B; fl Cj = for / = 1, . . . , and 
2 = 1, ... ,4, and 

• for each / = 1 (mod A^), dBi intersects both dBi^i and dBi+i and no other circle, 

then we get a quasi-Fuchsian group T which is the subgroup of orientation preserving 
transformations in the group generated by reflections about the circles dBi, . . . , OB^ 
(cf. f Ber721 Page 263] or HBerSll Page 149]). The limit set of the quasi-Fuchsian group T, 
denoted by Ar, is around the curve A. Let S*^ \ Ar = i^i U ^2, where f2i contains Ci and 
C2, while contains C3 and C4. See Figure 1. 




Figure 1. 

Claim: The quasi-Fuchsian 3-manifold M^/T constructed above can not be foliated by 
surfaces of constant mean curvature. 

Let £ > be sufficiently small, and let Hq = 2 tanhe. Let do and dno be two constants 
given in Lemma [5TT] and Lemma [5^ and suppose d(Ci, C2) = 2e <^ do and d{Cs, C4) <^ 
mm{dHo,do}. 

Now assume that H^/F is foliated by surfaces of constant mean curvature, where each 
surface is closed and is homotopic to H'^/F. Lift the foliation to the universal covering 
space H'^, then there should exist a foliation of H'^ so that each leaf is a disk with constant 
mean curvature and with the same asymptotic boundary Ar. Notice that any disk type 
surface in H'^ with asymptotic boundary Ar divides H'^ into two parts, one of them contains 
Ci and C2, while the other contains C3 and C4. We choose a normal vector field on the 
disk type surface so that each normal vector points to the domain containing Ci and C2. 
Assume that there is a CMC foliation JF = {Lt} with a parameter t E {—00, 00) such that 

• the leaves are convergent to fii as t — > — 00 and 

• the leaves are convergent to as t — 00. 

In other words, we have 

(33) lim H{Lt) = ±2 , 

>itoo 

where H(Lt) denotes the mean curvature of the leaf Lt with respect to the normal vector 
pointing to the domain containing Ci and C2. 
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Since diJJj,, C4) is very small, there exists a minimal surface with asymptotic boundary 
C3 U C4 by Lemma [STTl Consider the leaf Lf E T which touches the minimal surface for 
the first time, then the mean curvature of L^/ must be positive by the maximal principle. 
Because of (1331) . there exists —00 < ti < t' such that the mean curvature of Lf^ is zero, i.e. 
the leaf Lt-^ is a disk type minimal surface. Similarly, we have another leaf Lt.;, G which 
is a disk type minimal surface with asymptotic boundary A. See Figure 2. 




Figure 2. 



Let X C be the domain bounded by Lt-^ and Lt^, then by assumption X is foliated 

by {Lt}t,^t^t2,^-^- 

X= [j Lt. 

Notice that and D4 are disjoint from X. We choose two circles C3 C -D3 and C4 C D4 
so that C3 and C4 are coaxial with respect to the rotation axis of C3 and C4, by Lemma[5]2] 
there is a surface Ho with constant mean curvature —Hq with respect to the normal pointing 
to the domain containing the rotation axis of C3 and C4. Obviously Ho is disjoint form L^^ 
but intersects Ltj. Let IIq = Ho fl X. Consider the leaf 

Lt" e{Lt\h^t^ 

which touches IIq for the first time, then H(Lt") > Hq by the maximal principle. So there 
exists ta G (ti, ^2) such that H(Lt^) = Hq. We claim that the leaf Lp^ must self-intersects. 

Let Di{e) be the disk bounded by Ci with H{Di{e)) = Hq with respect to the normal 
vector pointing to domain not containing C2, and similarly let D2{e) be the disk bounded 
by C2 with H(D2{e)) = Hq with respect to the normal vector pointing to domain not 
containing Ci. Then Di{e) fl D2{s) = {O}, where O G is the origin. By maximal 
principle, both Di(e) and D2{e) don't intersect Lt^, so Lt^ must self intersect. This implies 
that there is no CMC foliation on H^/r. The claim follows. 

Therefore, there exists a quasi-Fuchsian 3-manifold which does not admit CMC folia- 
tions. 



FOLIATIONS FOR QUASI-FUCHSIAN 3-MANIFOLDS 



21 



References 

[And83] Michael T. Anderson, Complete minimal hypersurfaces in hyperbolic n-manifolds. Comment. 

Math. Helv. 58 (1983), no. 2, 264-290. 
[Bar84] Robert Bartnik, Existence of maximal surfaces in asymptotically flat spacetimes, Comm. Math. 

Phys. 94 (1984), no. 2, 155-175. 
[Ber72] Lipman Bers, Uniformization, moduli, and Kleinian groups. Bull. London Math. Soc. 4 (1972), 

257-300. 

[Ber81] , Finite-dimensional Teichmiiller spaces and generalizations. Bull. Amer. Math. Soc. 

(N.S.)5(1981), no. 2, 131-172. 

[CEG06] R. D. Canary, D. B. A. Epstein, and R L. Green, Notes on notes of Thurston, Fundamentals of 
hyperbolic geometry: selected expositions, London Math. Soc. Lecture Note Ser., vol. 328, Cam- 
bridge Univ. Press, Cambridge, 2006, With a new foreword by Canary, pp. 1-1 15. 

[CK04] Bermett Chow and Dan Knopf, The Riccifiow: an introduction. Mathematical Surveys and Mono- 
graphs, vol. 110, American Mathematical Society, Providence, RI, 2004. 

[CRM07] Esther Cabezas-Rivas and Vicente Miquel, Volume preserving mean curvature flow in the hyper- 
bolic space, Indiana Univ. Math. J. 56 (2007), no. 5, 2061-2086. 

[Eck03] Klaus Ecker, Mean curvature flow of spacelike hypersurfaces near null initial data. Comm. Anal. 
Geom. 11 (2003), no. 2, 181-205. 

[EH91] Klaus Ecker and Gerhard Huisken, Parabolic methods for the construction of spacelike slices of 
prescribed mean curvature in cosmological spacetimes. Comm. Math. Phys. 135 (1991), no. 3, 
595-613. 

[Fri64] Avner Friedman, Partial differential equations of parabolic type, Prentice-HaU Inc., Englewood 
Cliffs, N.J., 1964. 

[Gom87] Jonas de Miranda Gomes, Spherical surfaces with constant mean curvature in hyperbolic space, 

Bol. Soc. Brasil. Mat. 18 (1987), no. 2, 49-73. 
[Ham821 Richard S. Hamilton, Three-manifolds with positive Ricci curvature, J. Differential Geom. 17 

(1982), no. 2, 255-306. 

[Hui84] Gerhard Huisken, Flow by mean curvature of convex surfaces into spheres, J. Differential Geom. 
20 (1984), no. 1,237-266. 

[Hui86] , Contracting convex hypersurfaces in Riemannian manifolds by their mean curvature. 

Invent. Math. 84 (1986), no. 3, 463-480. 

[Hui87] , The volume preserving mean curvature flow, J. Reine Angew. Math. 382 (1987), 35^8. 

[HY96] Gerhard Huisken and Shing-Tung Yau, Definition of center of mass for isolated physical systems 

and unique foliations by stable spheres with constant mean curvature. Invent. Math. 124 (1996), 

no. 1-3,281-311. 

[Leh87] OUi Lehto, Univalent functions and Teichmiiller spaces. Graduate Texts in Mathematics, vol. 109, 
Springer- Verlag, New York, 1987. 

[Lie96] Gary M. Lieberman, Second order parabolic differential equations. World Scientific Publishing 
Co. Inc., River Edge, NJ, 1996. 

[LopOO] Rafael Lopez, Hypersurfaces with constant mean curvature in hyperbolic space, Hokkaido Math. 
J. 29 (2000), no. 2, 229-245. 

[LSU67] O. A. Ladyzenskaja, V. A. Solonnikov, and N. N. Ural'ceva, Linear and quasilinear equations 
of parabolic type. Translated from the Russian by S. Smith. Translations of Mathematical Mono- 
graphs, Vol. 23, American Mathematical Society, Providence, R.I., 1967. 

[Mar74] Albert Marden, The geometry of finitely generated kleinian groups, Ann. of Math. (2) 99 (1974), 
383^62. 



22 



BIAO WANG 



[Mas70] Bernard Maskit, On boundaries ofTeichmiiller spaces and on Kleinian groups. II, Ann. of Math. 

(2) 91 (1970), 607-639. 

[MP07] Rafe Mazzeo and Frank Pacard, Constant curvature foliations on asymptotically hyperbolic 

spaces, 2007, available at arXiv . org :0710. 2298. 
[MSY82] William Meeks, in, Leon Simon, and Shing Tung Yau, Embedded minimal surfaces, exotic 

spheres, and manifolds with positive Ricci curvature, Ann. of Math. (2) 116 (1982), no. 3, 621- 

659. 

[Pal99] Oscar Palmas, Complete rotation hypersurfaces with Hk constant in space forms, Bol. Soc. Brasil. 
Mat. (N.S.) 30 (1999), no. 2, 139-161. 

[PW67] Murray H. Protter and Hans F. Weinberger, Maximum principles in differential equations, Prentice- 
Hall Inc., Englewood Cliffs, N.J., 1967. 

[S Y79] R. Schoen and Shing Tung Yau, Existence of incompressible minimal surfaces and the topology 
of three-dimensional manifolds with nonnegative scalar curvature, Ann. of Math. (2) 110 (1979), 
no. 1, 127-142. 

[ThuSO] William P. Thurston, The geometry and topology of three-manifolds, 1980, available at 

http : / /www .msri . org/publi cat ions /books/ gt3m/. 
[Tod99] Masahito Toda, On minimizing problems with a volume constraint in hyperbolic 3-manifolds, Ann. 

Global Anal. Geom. 17 (1999), no. 1, 19^2. 
[lJhl83] Karen K. Uhlenbeck, Closed minimal surfaces in hyperbolic 3-manifolds, Seminar on minimal 

submanifolds, Ann. of Math. Stud., vol. 103, Princeton Univ. Press, Princeton, NJ, 1983, pp. 147- 

168. 

[Zhu02] Xi-Ping Zhu, Lectures on mean curvature flows, AMS/IP Studies in Advanced Mathematics, 
vol. 32, American Mathematical Society, Providence, RI, 2002. 

Department of Mathematics, Cornell University, Ithaca, NY 14853 
E-mail address: wanggmath . Cornell . edu 



